Admixture, the mixing of genetically distinct populations, is increasingly recognized as a fundamental biological process. One major goal of admixture analyses is to estimate the timing of admixture events. Whereas most methods today can only detect the most recent admixture event, here we present coalescent theory and associated software that can be used to estimate the timing of multiple admixture events in an admixed population. We extensively validate this approach and evaluate the conditions under which it can succesfully distinguish one from two-pulse admixture models. We apply our approach to real and simulated data of Drosophila melanogaster. We find evidence of a single very recent pulse of cosmopolitan ancestry contributing to African populations as well as evidence for more ancient admixture among genetically differentiated populations in sub-Saharan Africa. These results suggest our method can quantify complex admixture histories involving genetic material introduced by multiple discrete admixture pulses. The new method facilitates the exploration of admixture and its contribution to adaptation, ecological divergence, and speciation.
Introduction
There is an increasing appreciation for the importance of admixture, an evolutionary process wherein genetically divergent populations encounter each other and hybridize. Admixture has shaped genetic variation within natural plant, animal, and human populations (Pool et al. 2012; Rieseberg et al. 2003; Hufford et al. 2013; Sankararaman et al. 2014) . If an admixture event has occurred relatively recently, we can use local ancestry inference methods (LAI) to trace the ancestry of discrete genomic segments, called 'ancestry tracts,' back to the ancestral populations from which they are derived (Sankararaman et al. 2012; Corbett-Detig and Nielsen 2017; Maples et al. 2013; Pool and Nielsen 2009; Price et al. 2009 ). Due to ongoing recombination within admixed populations, the lengths of these ancestry tracts are expected to be inversely related to the timing of admixture. Therefore, it is possible to estimate the timing of admixture events by inferring ancestry tract lengths (Pool and Nielsen 2009; Gravel 2012) , or by evaluating the rate of decay of linkage disequilibrium (LD) among ancestry informative alleles (Moorjani et al. 2011; Loh et al. 2013) .
The latter approach is based on modeling expected decay of LD among alleles that are differentiated between admixed populations. Briefly, even if there is little LD in the ancestral populations themselves, admixture will create admixture LD (ALD) within the admixed population among alleles whose frequencies are differentiated between ancestral populations (Chakraborty and Weiss 1988) . The decay of ALD is expected to be approximately exponential with a rate parameter that is proportional to the timing of admixture. Two popular methods using this approach, ROLLOFF (Moorjani et al. 2011 ) and ALDER (Loh et al. 2013) , model the decay of two-locus ALD. However, these methods are limited to estimating the timing of only the most recent admixture event and of only a single admixture pulse. Admixture histories may be more complex, including multiple distinct admixture events ) and multiple ancestral populations (Paşaniuc et al. 2009 ), suggesting that these methods may not be suitable for deeply characterizing the admixture history of many admixed populations (Figure 1) . Although, recent work by Pickrell et al. (2014) suggests it is possible to detect multiple admixture pulses by modeling LD decay as a mixture of two exponential distributions. Additionally, it may be possible to extend LD decay approaches using three-point linkage disequilibrium to estimate the timing of two admixture pulses in populations with more complex admixture histories (Liang and Nielsen 2016) .
A second set of approaches uses the lengths of LA tracts across the genomes of admixed individuals to estimate the timing of admixture events (Gravel 2012; Gravel et al. 2013; Pool and Nielsen 2009) . Here, the complexity of admixture models that can be accommodated depends on the accuracy of the estimated ancestry tract length distributions within an admixed population. However, these methods require LAI performed prior to estimating population admixture models. LAI necessitates a priori assumptions about the admixture model itself, as such assumptions are a prerequisite-implicitly or explicitly-for most LAI frameworks that have been developed to date. These assumptions have the potential to bias the outcomes of LAI and can affect admixture model selection (Pool et al. 2012; Sankararaman et al. 2008; Corbett-Detig and Nielsen 2017) . Additionally, LAI methods require accurately phased chromosomes-an unlikely prospect for species with low levels of LD (Bukowicki et al. 2016 ) and for relatively ancient admixture events where the rate of phasing switch errors would be similar to the rate of transitions between ancestry types. Therefore, it is often preferable to estimate the timing of admixture events and the LA of a sample simultaneously (Corbett-Detig and Nielsen 2017) . Finally, modern sequencing techniques often sequence to light coverage, thus, necessitates a tool that can accommodate read pileup data rather than genotypes.
(a) Single pulse, two ancestral populations, two ancestry types (k = 2).
(b) Double pulse, two ancestral populations, three ancestry types (k = 3).
(c) Double pulse, three ancestral populations, three ancestry types (k = 3).
Figure 1
A schematic of (a) a single pulse model with two ancestry types, (b) a two pulse model with two ancestral populations, and (c) a two pulse model with three ancestral populations. A k is considered the ancestry type of the resident population and would be A 2 in (a) and A 3 in (b) and (c). Note that A 1 and A 2 may come from the same ancestral population, but are modeled as independent states. The gray shaded region draws attention to the admixed population(s). Time since admixture pulses are measured in generations and are denoted as t 1 and t 2 , where t 1 occurs more recently than t 2 . The time of sampling is represented by t 0 , where t 0 = 0 if sampling occurred in the present. The proportion of ancestry in the admixed population that entered during an admixture pulse is denoted as m 1 and m 2 . Colors represent genetically distinct ancestry types. Local ancestry across a chromosome after admixture is represented by horizontal bars at the bottom of each subplot.
Prior to this study, we developed a framework for simultaneously estimating admixture times and LA across the genomes of admixed populations (Corbett-Detig and Nielsen 2017). Our method can estimate LA and admixture times in a hidden Markov model (HMM) framework assuming a single admixture pulse model. Here, we extend this method to admixed populations that have experienced multiple ancestry pulses in their recent evolutionary past ( Figure 1 ). We evaluate the performance of this approach using extensive forward-in-time admixture simulations. Finally, we apply this method to study admixed Drosophila melanogaster populations in sub-Saharan Africa, and we find evidence consistent with a recent single pulse of cosmopolitan admixture into African populations as well as evidence for more ancient admixture amongst genetically differentiated populations in sub-Saharan Africa.
Model

Overview
In our previous work, we developed an HMM approach to simultaneously estimate local ancestry and admixture times using next generation sequencing data in samples of arbitrary sample ploidy. No phasing is necessary, and unlike most LAI methods, this method models read pileups, rather than genotypes, making this approach appropriate for low coverage sequencing data (Skotte et al. 2013) . Additionally, although not addressed in this work, our method accommodates samples of arbitrary ploidy, making it ideal for poolseq applications or for populations with unusual ploidy, e.g. tetraploids. Our previous work assumed a single exponential tract length distribution and is therefore limited to accommodating only a single admixture event between two populations (Corbett-Detig and Nielsen 2017). Here, we seek to extend this framework to accommodate additional admixture pulses either from distinct ancestry types or multiple pulses from the same type. Wherever possible, we have kept our notation identical to our previous work to facilitate comparisons between the models.
Implementation and Availability
We implemented the following model into our software package called Ancestry_HMM (www.github.com/russcd/Ancestry_HMM). Below, wherever possible, we give the script name and line number responsible for a computation, denoted as header : line_number. All code is in the src/ directory within the Ancestry_HMM repository.
State Space
Our model incorporates the ancestry of samples with arbitrary ploidy of n chromosomes and with k distinct ancestry types resulting from k − 1 admixture pulses. Therefore the state space S, is defined as the set of all possible k-tuples of non-negative integers,
where l j is the number of chromosomes in the sample from admixture pulse j.
Emission Probabilities
We model the probability of read pileup data (or alternatively genotypes) of each sample as a function of the allele counts in each ancestral population and assume a uniform prior on the allele frequencies in each source population. Note that where the same ancestral population contributes multiple pulses, the emission probabilities for each site at these states are identical and computed based on the sum of the number of chromosomes of each ancestry type. To accommodate up to k distinct ancestry types, we use multinomial read sampling probabilities. Specifically, if the representation in the read data is exactly equal (in expectation) for each chromosome, the probability of sampling a given read from chromosomes of ancestry pulse k is l k /n. Therefore, the probability of any given vector of read counts, R = (r 1 , . . . , r k ), sampled from a site with depth r and across the chromosomes in a given hidden state H ∈ S, assuming no mapping or sequencing biases is (read_emissions.h : 31) R|H, n, r ∼ Mult r, π = l 1 n , . . . , l k n (1)
Conditional on the read count vector, R, the number of reads carrying the A allele (assuming an A/a di-allelic locus) is independent among ancestry pulses. For each reference population, the allele count is binomially distributed given the (unknown) true allele frequencies, f j , j = 1 . . . k. Let C j represent the total allele count for reference population j and let C jA represent the total number of A alleles for reference population j. Then (read_emissions.h : 51),
While we assume genotypic data for the reference populations, we assume short read pileup data for the admixed population. The (unobserved) allele counts in the admixed chromosomes, stratified by admixture pulse origin, C M1A , C M2A , . . . C MkA and C M1a , C M2a , . . . C Mka are also binomially distributed, i.e. for each ancestry type (read_emissions.h : 47),
Then, assuming a symmetrical and identical error rate among alleles, , the probability of obtaining r jA reads of allele A from within the r j reads derived from chromosomes of type j is (read_emissions.h : 47),
By integrating across all possible allele frequencies in the ancestral population assuming a uniform (0, 1) prior, we obtain the probability of a given number of reads of allele A, r jA Pr(r jA |r j , H, ) =
We then find all possible ways of arranging r A reads of allele A across the read vector R, R A = {(r 1A , . . . , r kA )}. Here, for each ancestry type, we require that 0 ≤ r jA ≤ r j and ∑ k j=1 r jA = r A . The probability of a given configuration is (distribute_alleles.h : 31),
where Ω R is the set of all configurations of R A compatible with R. For each configuration of reads, R and R A , these above probabilities for each ancestral population combine multiplicatively across all ancestral populations, and we are then able to obtain the emissions probabilities for the hidden state, H = i, as
Pr(r jA |r j , n, H, )
where X is all the read data for the admixed population for the site and Ω x indicates the set of all values of {R A , R} compatible with X.
Transition Probabilities
Transition probabilities must also be significantly expanded to accommodate the more complicated ancestry models investigated in this work.
Modeling multiple pulses into a single recipient population
First, we consider a scenario where two ancestry pulses enter the same admixed populations at two distinct times ( Figure 1c ). Here, we will refer to the time of each ancestry pulse as t k where t 0 = 0 and refers to the present and t 1 , for example, refers to the most recent admixture pulse in backwards time. During each pulse, a proportion of the resident population, m k , is replaced. In this model, there are two distinct epochs during which a recombination event may occur along a chromosome. The last epoch, in backwards time, occurs during the time interval between t 1 and t 2 . During this time, there are two ancestry types present and the transition rate between them are identical as in our previous work (Corbett-Detig and Nielsen 2017). Specifically, the transition rate between the resident ancestry type A 3 and ancestry type A 2 is
in units of Morgans per segment (Liang and Nielsen 2014) . A nearly identical relationship holds for the transition rate from ancestry type A 2 to A 3 ,
However, after the second ancestry pulse in forward time, additional transitions between ancestry types A 3 and A 2 will occur. During this interval, the transition rate from ancestry type A 3 to ancestry type A 2 is
This transition rate reflects the chance of a recombination event occurring between t 1 and the time of sampling with no back coalescence to the previous marginal genealogy in either time epoch. Finally, 1 − m 1 is the probability that this recombination event does not choose a lineage that entered the population during the second ancestry pulse in forward time, and m 2 is the probability of recombining with a lineage from the first ancestry pulse in forward time. Hence, the total rate of transition between ancestry type A 3 and ancestry type A 2 across both epochs, is
Again, a similar rate holds for transitions between ancestry types A 2 and A 3 . Transition rates associated with the second ancestry pulse are simpler, and closely resemble those for a single pulse model. Specifically, the rate of transition from ancestry type A 3 to ancestry type A 1 is
Here, we include the probability that a recombination event occurs within the second epoch and that the lineage selects ancestry type A 1 . Note that if the lineage selects ancestry type A 1 , we need not consider the probability of back coalescence in the time interval between t 1 and t 2 as it must exit the admixed population during the first ancestry pulse. Similarly, the transition rate from ancestry type A 1 to ancestry type A 3 is
where this equation reflects the probability that a recombination event occurs during the second epoch and then the lineage selects ancestry type A 3 . Note that no consideration is given to back coalescence to the previous marginal genealogy during the epoch between t 2 and t 1 because there is no ancestry type A 1 present in the population during this time. Here again, similar rates hold for transitions from ancestry type A 1 to ancestry type A 2 and from ancestry type A 2 to ancestry type A 1 following similar logic presented above.
Transition rates can be generalized to include an arbitrarily large number of distinct ancestry pulses. Briefly, transitions between ancestry types may occur during any epoch in which they are both present within the admixed population. For example, for the first pulse in forward time, transitions between ancestry type A k and A k−1 may occur anytime between t k−1 and the present. Therefore, all epochs will be necessarily included the transition calculations between ancestry type A k and A k−1 . More generally, the transition rate between ancestry pulses, i and j, where
Conversely, if 1 ≤ j < i ≤ k, the transition rate between ancestry of pulse i to pulse j is very similar, i.e., transitions may occur during the same epochs (t j through the present). Therefore,
Note that it is not necessary for each ancestry pulse to be derived from distinct ancestral populations. Indeed, we conceived of this approach as a means of fitting multiple pulse ancestry models. Therefore any number of pulses may be contributed by as few as two ancestral populations. However, in order to model full transition rates, it is necessary to estimate the proportion contributed by each pulse even when they are from the same ancestry type, potentially making multiple pulse ancestry models more challenging to fit than models where each pulse is contributed by a separate subpopulation. More broadly, while this model is quite generalizable, there are limits to what is practical to infer using real datasets (see below).
Transition Rates per Basepair
Equations 14 and 15 model transitions in Morgans per segment between ancestry states. We must therefore convert these expressions into a transition rate per basepair. To do this, we multiply the recombination rate by Morgans/bp using an estimate of the local recombination rate within that segment of the genome, r bp . Therefore, the single chromosome transition matrix, P(l) = P ij (l), i, j ∈ S, for a two pulse population model for two markers at distance l basepairs from one another would be as follows (create_transition_rates.h 69).
Modeling Sample Ploidy
The above model describes the ancestry transitions along a single chromosome. However, many datasets contain samples that are diploid or pooled rather than haploid, or equivalently completely inbred. For simplicity, we model each sample of ploidy n as the union of n independent admixed chromosomes. To approximate the transition probability from state i to state j in a sample of n chromosomes, we assume the ancestry proportion, m, contributed by ancestry type A are known. Let the current hidden state ancestry vector be s = {s 1 , s 2 , ..., s k } where k is the maximal number of ancestry types and s i indicates the number of chromosomes with ancestry component i. Then t = ∑ k i=1 s i is the total number of different chromosomes in the pool. Furthermore, let P ij (d) be the d-step transition probability from ancestry i to j of the previously defined 1-chromosome process. Define q ij as q ij = s i P ij (d). Also, let a = {a 1 , a 2 , ..., a k }, t = ∑ k i=1 a i , be the ancestry vector d sites downstream from the location of the locus with ancestry vector s. Then, we will approximate the transition probability from, s to a, as
where z = {z ij } is an k × k matrix of non-negative integers and Z is the set of all such matrices for which ∑ k i=1 z ij = a j ∀a j ∈ a and ∑ k i=1 z ji = s i ∀s i ∈ s. The sum over all z ∈ Z can be large and increases exponentially in k.
The true ancestral recombination graph is potentially more complex than our simple approximation which assumes all ancestry transitions to be independent. Therefore, caution is warranted when using our model on samples with higher ploidy (Corbett-Detig and Nielsen 2017) (transition_in f ormation.h : 21).
Model Optimization
Because the search space for admixture models is potentially quite complex, we have implemented optimization using the Nelder-Mead direct search simplex algorithm (Nelder and Mead 1965) to optimize the HMM using the forward-equation to compute model likelihoods. As with all direct search algorithms, there is no guarantee that the optimum discovered is a globally optimal solution. We therefore include random-restarts to insure that the globally optimal solution can be recovered consistently.
Assumptions
Perhaps the central assumption of this approach is that admixture occurs in discrete, distinct "pulses." Whereas this is violated in a wide array of true admixture events with either ongoing or periodic admixture (Pool and Nielsen 2009; Gravel 2012 ), the pulse model is tractable for estimating admixture histories (Corbett-Detig and Nielsen 2017; Loh et al. 2013; Gravel 2012) . We have previously shown that LAI using our method is robust to a wide array of perturbations including continuous migration and natural selection (Corbett-Detig and Nielsen 2017). Nonetheless, all results, particularly those that hinge heavily on the precise timing of admixture events, should be interpreted cautiously. See also our discussion below.
Validation
Confirmation of the Ancestry Tract Length Approximation
We first confirmed that our sequential Markov coalescent (SMC') approximation for the ancestry tract length distribution is correct. Specifically, we simulated tract length distributions from the forward-in-time simulation program, SELAM (Corbett-Detig and Jones 2016), and compared those with the expected tract length distribution under our model. In comparing the two, we found that the model provides an excellent approximation for the ancestry tract length distribution ( Figure 2 ). This therefore indicates that our SMC' tract length approximation is likely to be sufficient for our purposes. Moreover, we also confirmed that this framework can also accurately accommodate models involving more ancestral populations (Table S1, Figure S1 ).
Figure 2
Tract length distributions obtained using our tract length model approximation (solid black) and forward-in-time simulation (dashed red). In the model considered, an initial pulse of ancestry type A 2 entered a resident population of ancestry type A 3 and replaced 1 3 of the resident population. Then, a second ancestry pulse in forward time, from ancestry type A 1 , replaced 1 4 of the resident population. Each simulation had a diploid population size of size 10,000 and we aggregated data from 50 sampled individuals across 100 simulations to produce the full tract length distribution. From top to bottom, respective ancestry tract length distributions correspond to ancestry type A 3 , A 1 , and A 2 . We investigated two admixture models. The first model has a first and second pulse occurring 200 and 1,000 generations, respectively, before the present (left). The second model has a first and second pulse occurring 20 and 100 generations, respectively, prior to the present (right).
Simulation Ancestral Populations
We used the approach of Corbett-Detig and Nielsen (2017) to validate our HMM software implementation and to test the performance of this expanded model. Briefly, we simulated ancestral genotype data using the coalescent simulation framework MACS (Chen et al. 2009 ), we then simulated ancestry tract length distributions in forward-time using our software package SELAM (Corbett-Detig and Jones 2016). Genotype data for admixed individuals was then drawn from the ancestral data simulated using MACS where genotypes were drawn from each population and assigned to each tract based on that tracts' ancestry type. To explore a wide range of genetic divergences among ancestral populations, we simulated genotype data for ancestral populations at varying levels of genetic divergence from one another. Specifically, we considered populations that are 0.05, 0.1, 0.25, 0.5, and 1 N e generations divergent from one another.
Linkage Disequilibrium (LD) Pruning
LD among sites may inflate transition rates between ancestry states. In order to mitigate this, we first pruned sites in strong linkage disequilibrium in each reference panel by computing LD among all pairs of markers within 0.1cM of each other. We then discarded one site from each pair with increasingly stringent pruning until we found that admixture time estimates were approximately unbiased in two pulse admixture models. We note that the LD pruning necessary for two pulse models appears to be sufficient for fitting more complex models of admixture (see below). This suggests that simple single-pulse admixture simulations could be used successfully to determine the necessary levels of LD pruning. Also, we found that substantially more stringent LD pruning is necessary to produce unbiased admixture time estimates for ancestral populations that are minimally divergent from one another ( Figure S2 ).
Three Ancestral Populations
We next sought to evaluate the accuracy of this method when two ancestry pulses are contributed from distinct ancestral populations. For all levels of population divergence considered, we find that our method recovers the correct times of admixture events with reasonably high accuracy for recent admixture times ( Figure 3) . Notably, the error in time estimates decreases substantially with increasingly divergent ancestral populations indicating that this method will produce the most accurate results when ancestral populations are highly genetically divergent.
Figure 3
Admixture time estimates for two pulse population models with three distinct ancestral populations. From top to bottom, panels include the divergence time between the ancestral populations is 0.05, 0.1, 0.25, 0.5 and 1 N e generations. On the left, for all admixture models considered, the second pulse occurred 100 generations before the present. The first pulse occurred 20 (black), 40 (red), 60 (green), and 80 (blue) generations prior to sampling. On the right, the second pulse occurred 1000 generations before the present and the first pulse occurred at 200 (black), 400 (red), 600 (green) and 800 (blue) generations prior to sampling. Note that due to underestimation of admixture times, the figure axes differ between panels for plots of more ancient admixture events.
Whereas our method accurately estimates admixture times when admixture events occur at intermediate times prior to sampling, we find that the accuracy suffers somewhat when estimating the timings of two more ancient admixture events. Indeed, for modestly divergent ancestral populations, e.g., 0.1N e generations divergent, we find that our approach consistently underestimates the times since admixture events, particularly for the more ancient ancestry pulse (Figure 3 ). This is true despite a nearly linear relationship for estimated admixture times and actual admixture times in a single pulse two ancestral population model ( Figure S3 ), indicating that there is a significant cost for accuracy of model estimation when estimating additional ancestry pulse parameters. However, for more divergent ancestral populations, it is still feasible to obtain accurate admixture time estimates (Figure 3) . Additionally, because there is still a monotonic relationship between the time estimates and true admixture times, it might be feasible to correct for this bias and obtain accurate admixture time estimates even when ancestral populations are not particularly divergent.
Two Pulse Admixture Model
It is significantly more challenging to distinguish between models with a single ancestry pulse and models with two distinct ancestry pulses from the same ancestral population. As we described above, one of the key difficulties is that in addition to estimating admixture times, our model must also estimate the proportion of the total ancestry contributed by each pulse. Furthermore, it is essential that this approach includes a mechanism for distinguishing between single and double pulse models. We therefore began with a single-pulse admixture simulation and fit both single and two pulse admixture models to these data.
We find that traditional likelihood ratio tests universally favor two pulse versus single pulse models even when data are simulated under a single pulse model for all scenarios that we considered ( Figure S4 ). We therefore suggest that when using this method to analyze admixed populations, it will usually be preferable to choose the simplest admixture model that is consistent with the data.
More complex models are usually favorable by standard statistical comparisons, but may overfit the data. This consideration is reminiscent of concerns for the STRUCTURE model (Pritchard et al. 2000; Evanno et al. 2005) . In general, this means the model that contains the fewest distinct ancestry pulses should be selected.
Spurious admixture models can be identified by interrogating the timing and proportion of ancestry contributed by each admixture pulse. First, many of the resulting two pulse admixture models contain ancestry pulses with similar times (Figure 4 , Tables S2, S3 , S4), suggesting that these could be recognized as representing a single admixture event. Second, of the models containing two pulses, many contain one pulse near the correct admixture time and another distant pulse that introduced a very small proportion, i.e. 1% or less, of the total ancestry in the sampled admixed population (Figure 4 , Tables S2, S3, S4). Often the pulse introducing a small proportion of ancestry in the sampled population occurred in the distant past, where admixture time is harder to estimate. Therefore, admixture pulses that (1) occur in the distant past and contribute relatively small proportions of the total ancestry or (2) pulse at similar times, may indicate a spurious admixture model and should be disregarded in favor of simpler admixture scenarios.
Figure 4
Two-pulse admixture models fitted using our framework to data generated under a single pulse admixture model. We considered varying levels of population divergence. From top to bottom, the ancestral populations are 0.05, 0.1, 0.25, 0.5, and 1 N e generation divergent from one another. From left to right, the single admixture pulse occurred 20, 40, 60, and 80 generations prior to sampling and replaced one half of the ancestry. Point colors correspond to the proportion of ancestry that is attributable to the second pulse with a gradient running from 0 (red) to the maximum possible, 0.5 (yellow). Dashed lines reflect the true admixture time.
When we simulated admixed populations whose histories contained two distinct ancestry pulses, we found two-pulse models could sometimes be fit accurately. Specifically, when the two ancestry pulses occurred at fairly different times (e.g., 20 and 100 and 200 and 1000 generations), our approach identified models that correspond closely to the parameters under which the admixed population was simulated. However, when the two ancestry pulses occurred at closer time intervals, we were less frequently able to reliably recover the correct admixture model ( Figure 5, Figure S3 ). Additionally, we note that the accuracy of two-pulse models depends on the genetic distance between ancestral populations ( Figure 5) , where it is generally more straightforward to fit admixture models for genetically distant ancestral populations.
Figure 5
Two-pulse admixture models fitted using our framework to data generated under a two pulse admixture model. We considered varying levels of population divergence. From top to bottom, the ancestral populations are 0.05, 0.1, 0.25, 0.5, and 1 N e generation divergent from one another. For all models, the second admixture pulse occurred 100 generations prior to sampling. From left to right, the first pulse occurred 20, 40, 60, and 80 generations prior to sampling. The second pulse replaced 1 3 of the resident population and the first pulse replaced 1 4 of the resident population. Therefore, each ancestral population contributed one half of the ancestry at the time of sampling. Point colors correspond to the proportion of total ancestry at the time of sampling that is attributable to the first pulse with a gradient running from 0 (red) to the maximum, 0.5 (yellow). Dashed lines reflect the true admixture times for the first and second pulse.
Collectively, our results suggest that it might not be possible to distinguish between single-pulse and two-pulse admixture models when ancestry pulses occurred at similar times. However, it is feasible to distinguish single pulse models from admixture models with both relatively ancient and recent admixture. Therefore, we anticipate that this approach will be valuable for investigating a range of hypotheses with dramatically different admixture times. Furthermore, as we consider here intermediate-sized population samples, i.e. 50 individuals, it may be feasible to distinguish more fine-grained admixture models using larger samples sizes.
LAI Accuracy
We note that while two pulse models do improve the accuracy of LAI, the improvement observed tends to be slight (Tables S2, S3 , S4). This suggests that for studies aimed at evaluating patterns of LA across the genome, there may be no need to extensively optimize admixture models to obtain reasonable estimates of the LA landscape in the admixed population. Single pulse models may be sufficient to accurately characterize LA across the genome for many admixed populations.
Application
Admixture in D. melanogaster
Biogeographical evidence (Lachaise et al. 1988 ) and patterns of genetic variation (Thornton and Andolfatto 2006; Begun and Aquadro 1993; Caracristi and Schlötterer 2003) suggest that D. melanogaster originated in sub-Saharan Africa, and went on to colonize much of the rest of the world relatively recently (Duchen et al. 2013) . During this expansion, the population that left sub-Saharan Africa experienced a dramatic bottleneck that reshaped patterns of genetic diversity across much of the genome (Caracristi and Schlötterer 2003; Ometto et al. 2005; Duchen et al. 2013 ). The resulting "cosmopolitan" haplotypes are distinguishable from those of the ancestral sub-Saharan populations based solely on patterns of genetic variation (Pool et al. 2012 ) and these two ancestral populations have since encountered each other and admixed in numerous geographic locations within sub-Saharan Africa and worldwide (Pool et al. 2012; Caracristi and Schlötterer 2003) Thus, D. melanogaster has emerged as an important model for understanding the genomic and phenotypic consequences of admixture in natural populations. There are important pre-mating behavioral isolation barriers between cosmopolitan and African individuals (Ting et al. 2001) , as well as substantial phenotypic consequences that operate post mating within admixed individuals (Lachance and True 2010; Kao et al. 2015) . Additionally, recent work has investigated the genomic consequences of admixture both demographically (Duchen et al. 2013; Bergland et al. 2016) and with the goal of evaluating the impact of natural selection in shaping genome-wide patterns of variation (Pool 2015) . The genomic consequences of admixture have only been studied using relatively simple demographic models (i.e. a single event, (Pool et al. 2012) ), leaving open the possibility that more complex admixture dynamics are common in natural populations of this species. Accurately characterizing the admixture histories and the patterns of local ancestry across the genome is essential to further our understanding of the demographic history of this species and build a complete null model for studying natural selection on ancestry during admixture.
Evaluating Possible Applications to D. melanogaster Admixed Populations
In agreement with our general conclusions from admixture simulations, we find that our method is accurate, and single-pulse admixture models are distinguishable from two-pulse models for temporally distinct admixture events (i.e., wherein two pulses occurred at significantly different times, Figure 6 ). However, also consistent with our results above, we find that when admixture pulses occurred at relatively similar times (e.g. t 1 = 200 and t 2 = 250 generations prior to sampling), a single ancestry pulse contributes the vast majority of admixed ancestry, and this scenario is therefore ultimately most similar to a single pulse admixture model. These data therefore suggest that it is possible to distinguish single from two pulse admixture models in data consistent with D. melanogaster ancestral populations when the admixture pulses occurred at dramatically different times.
Perhaps owing to the higher marker density, the greater accuracy of genotyped markers along the genome, and/or the inbred genomes in our Drosophila samples, we find that our method is slightly more accurate for population histories consistent with those of D. melanogaster than for the simulated populations considered above (Tables S2, S3, S4) . Additionally, admixture times can be accurately estimated even when admixture events occurred in the distant past (e.g., 5000 generations prior to sampling, Figure 6 ).
Figure 6
Admixture model fitted for data consistent with admixed Drosophila populations. Two-pulse admixture models for scenarios that are truly single-pulse (left), two pulse with a first admixture pulse 20 generations prior to sample (middle), and two pulse models with a first admixture pulse 200 generations prior to sampling (right) . From top to bottom, the second admixture pulse occurred 250, 500, 1000, 2500, and 5000 generations prior to sampling. The point colors indicate the proportion of ancestry in the sampled population that entered during the first admixture pulse in backwards time with a gradient running from 0 (red) to the maximum, 0.5 (yellow). Dashed lines indicate the correct timing of simulated ancestry pulses. In two pulse models, the first pulse contained 10% of the final ancestry and the second contributed 14% of ancestry to the sampled population. In single pulse models, all of the non-native ancestry is contributed by one pulse. These values were selected to be consistent with those from admixed sub-Saharan populations of this species (Pool et al. 2012) . Note that the axes differ significantly across plots.
Application to Admixed D. melanogaster Samples
To demonstrate the performance of our method on real datasets, we applied our approach to D. melanogaster variation data from sub-Saharan African populations (Figure 7) . We studied populations from Rwanda (RG), South Africa (SD) and Gambella, Ethiopia (EA) and estimated the time of cosmopolitan admixture using both double and single pulse models.
In two pulse models, cosmopolitan ancestry pulsed twice (Figure 1b) and resulted in the most recent pulse contributing approximately 99% and 97.5% (for RG and SD respectively) of the total cosmopolitan ancestry present in the population at the time of sampling. The second, more ancient pulse, tends towards the maximum time allowed in our inference method, 10,000 generations, and contributes 0.01% and 2.5% of the total cosmopolitan ancestry present in the population at the time of sampling RG and SD (Figure 7) . As described above, a distant admixture pulse contributing small amounts of ancestry likely indicates a spurious admixture model. Though it is possible that ancient cosmopolitan admixture contributed a small amount to the ancestry of the SD and RG populations, the simplest model, a single pulse model with cosmopolitan ancestry pulsing into African ancestry, provides a reasonable description of the demographic history of RG and SD. The estimated admixture times, 140 and 437 generations in a single pulse model, suggest that the observed cosmopolitan ancestry has entered these populations exceptionally recently despite earlier contact and extensive commerce among human groups.
To test how our method performs when ancestral populations are omitted, we applied a two pulse model to genotype data from Gambella, Ethiopia (EA) which is believed to have West African, Ethiopian, and cosmopolitan ancestry (Lack et al. 2015) . Instead of modeling all three ancestral populations, we omitted West African as an ancestral population to mimic a scenario where the ancestral populations of an admixed population have not all been identified. The results of the two ancestral state model estimated an ancient admixture pulse composing 6.5% of the total cosmopolitan ancestry present in the population at the time of sampling (Figure 7) . Importantly, we note that 6.5% is substantially more than we found in any of our simulated single-pulse datasets. A second pulse about 200 generations ago contributed 28% of cosmopolitan ancestry. Since this two pulse model did not include ancestry from a West African population, it is likely that our method fit a portion of the allele frequency differentiated between the ancestral populations into the ancient pulse of cosmopolitan ancestry. Thus, a large proportion of ancestry contributed by an ancient admixture pulse might indicate the need to identify additional ancestral populations. A two pulse model including three ancestral populations is therefore more appropriate for studying the admixture history of EA.
Figure 7
Single and double pulse models applied to real genotype data generated from sub-Saharan African populations of Drosophila melanogaster. In the plots shown, cosmopolitan ancestry pulsed into native African ancestry once (top row) or twice (bottom row). The panels from left to right are populations RG, SD, and EA. Single and double pulse models were bootstrapped 100 times. Each point in the top row corresponds to a bootstrap estimate of the timing of admixture. The bottom row shows bootstrap estimates for the timing of the second admixture pulse in backwards time. The point colors indicate the proportion of ancestry in the sampled population that entered during the second (in backwards time) admixture pulse with a gradient running from 0 (red) to the maximum, 0.5 (yellow). Black dots indicate the bootstrapped time optima.
Application to Three Population Mixture in Gambella, Ethiopia (EA)
Our results above emphasize the importance of identifying and incorporating variation data from all ancestral populations. Here, we use a two pulse, three ancestral population, admixture model to estimate the order and timing of admixture events into EA (Figure 1c,  Figure 8 ).
The native ancestry of Drosophila melanogaster from EA is unknown. Previous studies have suggested both cosmopolitan and sub-Saharan ancestry contribute to the genetic variation in EA (Figure 1c) (Lack et al. 2015) . To determine the most likely native ancestry of EA, we applied three permutations of a two pulse model to population data from Gambella, Ethiopia. We used unadmixed populations from Ethiopia (EF), cosmopolitan (FR), and West African (AF) to represent ancestral populations of EA and used our program to estimate the timing of admixture in each admixture model. Our three models were: EF and AF pulsing into resident FR ancestry, AF and FR pulsing into EF ancestry, and EF and FR pulsing into AF ancestry.
When FR is supplied as the resident population in the two pulse model, EF and AF both enter the population 1140 generations ago. This is implausible for a variety of reasons. First, even without considering this result, it is unlikely that cosmopolitan ancestry is the native ancestry type in Gambella, Ethiopia. Second, it is exceptionally unlikely that two distinct ancestral populations enter the admixed population at precisely the same time. Finally, the likelihood of the FR native ancestry model is less favored relative to an EF or AF native model by 11000 log likelihood units. We therefore consider a model with native African ancestry, EF or AF, to most likely describe the admixture history of Gambella, Ethiopia D. melanogaster.
When EF and AF were modeled as native ancestry, resulting admixture histories were nearly identical, suggesting either EF or AF could be native to Gambella since these are equivalent models. Using a two pulse, three ancestral population model, we estimated the timing of EF and FR admixture pulses in AF native ancestry (Figure 1c ). The second pulse in backwards time is estimated to have occurred approximately 4755 generations ago and suggests that EA admixed with genetically distinct sub-Saharan African populations in the relatively distant past (Figure 8) . The most recent pulse introduced FR ancestry 355 generations ago, suggesting EA recently admixed with cosmopolitan populations, which is strikingly consistent with our estimates from the other admixed populations in Sub-Saharan Africa (Figure 3, Figure 8 ). Additionally, the relatively recent admixture between West African and Ethiopian D. melanogaster, suggests that Sub-Saharan populations of this species were isolated until very recently (i.e., approximately 338 years ago).
We note that our estimate of admixture time is congruent with an estimate of divergence between Ethiopian and Central African populations. Kern and Hey (2017) estimated Ethiopian and West African D. melanogaster diverged approximately 3628 years ago (or approximately 50,000 generations). Our estimates of admixture time occur sufficiently far after this estimated Ethiopian and African divergence time and provide confidence that our three-population admixture model of Gambella (EA) D. melanogaster is consistent with previous investigations of demographic patterns of D. melanogaster from sub-Saharan African. These data therefore indicate that our approach can successfully estimate the timing of multiple admixture events in the history of a population using real genotype data. 
Conclusion
Admixture histories can be complex with numerous distinct ancestral populations contributing genetic material to a recipient population at multiple times in the past. In this work, we developed coalescent theory as well as a method to estimate the timing of multiple admixture events in an admixed population. We applied our model to forward-time simulated and real sequence data. The results of our simulations suggest that our model can discern between ancestry pulses occurring far apart in time from each other. Moreover, our method excels when the populations contributing ancestry are genetically diverse from each other.
Our approach, when applied to real admixed Drosophila melanogaster populations, is consistent with previous results on the African origin and admixture of the Drosophila melanogaster species. We find that cosmopolitan ancestry has entered very recently and is best accommodated by our framework using a single pulse model. Additionally, we demonstrate that more complex admixture patterns have shaped the ancestry of Gambella, Ethiopia. We indicate that two ancestry pulses from distinct ancestry types are necessary to explain patterns of genetic variation within this population. This is the first method that estimates the timing of multiple pulse admixture models while accommodating the possibility of more than one source population. Although not a focus of this study, our method is designed to accommodate read pile-up data, samples of arbitrary ploidy, and samples with unknown admixture history. Taken all together, we anticipate that our approach will facilitate continued exploration of admixture's contributions to fundamental biological processes such as adaptation, ecological divergence and speciation.
Methods
Coalescent Simulations
We simulated ancestral population genetic variation using the coalescent simulation software package MACS (Chen et al. 2009 ). Briefly, to consider a simplified ancestral process, we consider a model where a population, initially of size 2N, subdivided into three daughter populations of identical size, 2N. To assay a range of genetic divergence among the daughter populations, we performed replicate simulations where we allowed populations to diverge (D in the command line below) for 0.05, 0.1, 0.25, 0.5 and 1 N e generations. Note that the functionally relevant parameter for LAI using this approach is probably related to allele frequency changes between the ancestral populations, and therefore to the density of ancestry informative markers along the genome, rather than to divergence times per s e . For example, a population bottleneck would result in rapid and dramatic allele frequency differences despite a short divergence time. Note also that alternative divergence models will also impact the distribution of LD among markers, underscoring the importance of considering each unique model when applying this approach for admixed model estimation.
We therefore used the following command line for all simulated populations:
$ macs 600 100000000 -i 1 -h 100 -t 0.001 -r 0.001 -I 3 200 200 200 0 -ej D 2 1 -ej D 3 1
This will simulate a single chromosome of length 100Mb with a per-site theta of 0.001 and equal recombination rate. Therefore, these simulations could resemble a reasonably sized mammalian population. This will output 200 chromosomes per ancestral population, and for all admixture simulations, we used the first 100 as the reference panel, and the second 100 to simulation genetic variation across admixed chromosomes.
Admixture Simulations
We simulated admixed populations using the forward-in-time admixture simulation program, SELAM (Corbett-Detig and Jones 2016). We first explored the levels of LD pruning that is necessary for producing unbiased estimates of admixture times using two population, single pulse simulations. All simulations for LD pruning optimizations were run with ancestry proportions 0.5 and 0.5 and with an admixed population size of 5,000 males and 5,000 females.
We then simulated admixture models with three ancestral population models where the resident population contributed 1 2 of the total ancestry, and each admixture pulse contributed 1 4 th of the total ancestry to the final admixed population. Therefore the first pulse, in forward time, contributed 1 3 of the admixed population and then had 1 4 th of that ancestry replaced by the subsequent pulse. All simulations were performed across the range of divergence times that we simulated for each ancestral population.
Read Simulation
We simulated short read data for each admixed individual following the approach of (Corbett-Detig and Nielsen 2017). Briefly, reads are drawn binomially from each samples' genotype and read depths from a Poisson distribution with mean equal to 2. That is, we simulated 2X sequencing depths to represent a likely use case of this software where individuals are sequenced to relatively light coverage.
Drosophila Simulation
We have previously used this framework to simulate data consistent with the ancestral populations of D. melanogaster, following the coalescent simulation apporach of (Corbett-Detig and Nielsen 2017). All other features of the simulated Drosophila dataset are similar to those above except that we simulated genotypes rather than short read pileup data. We did this because the dataset that we used is sequenced to sufficiently high depths so as to preclude most uncertainty in short read data (Lack et al. 2015 (Lack et al. , 2016 .
Drosophila Sample Application
We obtained Drosophila melanogaster genotype data for natural isolates from the Drosophila Genome Nexus (Lack et al. 2015 (Lack et al. , 2016 , which curates data from more than 1,000 natural isolates of this species. We used the recommended masking packages supplied for that site for all samples in reference populations. For SD, we used the ZI population, for RG we used a set of central and west African samples (as in Corbett-Detig and Nielsen (2017)), and for EA we used the EF population. All cosmopolitan pulses were modeled using FR as the cosmopolitan reference population.
Application to Admixed Samples
We used our model to assay the admixture histories of Rwandan, South African, and Ethiopian samples. We fit both a single pulse model and double pulse model to genotype data from each population, running 100 bootstrap replicates using a block size of 5000 SNPs. Figure S2 Estimated admixture times for single pulse admixture models with varying levels of genetic divergence between ancestral populations. Specifically, from top to bottom, ancestral populations are 0.05, 0.1, 0.25, 0.5, and 1 N e generations divergent from one another. LD pruned is 1 (black), 0.9 (violet), 0.8 (dark blue), 0.7 (blue), 0.6 (cyan), 0.5 (green), 0.4 (yellow), 0.3 (orange), 0.2 (red), 0.1 (dark red).
Supplementary Figure S3
Two-pulse admixture models fitted using our framework to data generated under a single pulse admixture model. We considered varying levels of population divergence. From top to bottom, the ancestral populations are 0.05, 0.1, 0.25, 0.5, and 1 N e generation divergent from one another. From left to right, the single admixture pulse occurred 200, 400, 600, and 800 generations prior to sampling and replaced one half of the individuals in the population. Point colors correspond to the proportion of ancestry that is attributable to the second pulse with 0.0-0.1 (red), 0.1-0.2 (orange), 0.2-0.3 (yellow), 0.3-0.4 (green) and 0.4-0.5 (blue). Dashed lines reflect the true admixture time.
Supplementary Figure S4
The likelihood ratio between two-pulse and single-pulse ancestry models fit to data simulated under a single pulse (left) and a two pulse model (right) . The single pulse model included a pulse of 50% of ancestry 50 generations prior to sampling. The two pulse model included a first pulse in forward time of 33% of ancestry 100 generations prior to sampling, and a second pulse in forward time of 25% of ancestry both from ancestry type 1, at time 20 generations prior to sampling. Each boxplot is based on 20 replicate simulations for each level of ancestral population divergence. 
